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In this paper, a criterion for which the convex hull of  is relatively compact
is given when  is a relatively compact subset of the space  Rp of fuzzy sets
endowed with the Skorokhod topology. Also, some examples are given to illustrate
the criterion.  2001 Elsevier Science
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1. INTRODUCTION
The Skorokhod metric on the space D0 1 of functions from 0 1 into
the real line R which are right-continuous and have left limits was intro-
duced to study limits theorems for stochastic processes with jumps (see
Skorokhod [15]). It turned out that the Skorokhod metric plays a key role
for the convergence of probability measures on D0 1 (see Billingsley [1]
and Jacod and Shirayaev [9]). Goetschel and Voxman [5] obtained the rep-
resentation theorem of fuzzy numbers in R which shows similarity between
the space D0 1 and the space FR of fuzzy numbers in R. Using this
representation theorem, Joo and Kim [10] introduced a metric on FR
similar to the Skorokhod metric on D0 1 and proved that FR is sepa-
rable and topologically complete in the metric. Also, Ghil et al. [8] obtained
a characterization of compact subsets of FR which is an analogue of the
Arzela–Ascoli theorem. Recently, Joo and Kim [11] have generalized these
results to the case of the space  Rp of fuzzy sets in Rp, which is a more
general setting.
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Now we want to characterize relatively compact subsets of  Rp that
their convex hulls are again relatively compact. The similar problem was
considered for D0 1 by Daffer and Taylor [3] to study laws of large num-
bers for D0 1. The present work was motivated by Daffer and Taylor [3],
and the techniques used there turn out to be useful. It is expected that our
result plays an important role for convergence of random variables taking
values in  Rp as in the case of D0 1.
2. PRELIMINARY RESULTS
In this section, we describe some preliminary results for fuzzy sets. Let
Rp denote the family of non-empty compact subsets of the Euclidean
space Rp. Then the space Rp is metrizable by the Hausdorff metric
deﬁned by
dHAB = maxsup
a∈A
inf
b∈B
a− b sup
b∈B
inf
a∈A
a− b

where  denotes the Euclidean norm. It is well known that Rp is com-
plete and separable with respect to the Hausdorff metric dH (see Debreu
[4]). The addition and scalar multiplication in Rp are deﬁned as usual,
A⊕ B = a+ b  a ∈ Ab ∈ B

λA = λa  a ∈ A

for AB ∈ Rp and λ ∈ R.
In what follows, A denotes the closure of a set A ⊂ Rp.
Let  Rp denote the family of all fuzzy sets u˜ Rp → 0 1 with the
following properties:
(1) u˜ is normal; i.e., there exists x ∈ Rp such that u˜x = 1.
(2) u˜ is upper semicontinuous.
(3) supp u˜ = x ∈ Rp  u˜x > 0
 is compact.
For a fuzzy set u˜ in Rp, if we deﬁne
Lαu˜ =
{ x  u˜x ≥ α
 if 0 < α ≤ 1
supp u˜ if α = 0
then it follows immediately that u˜ ∈  Rp if and only if Lαu˜ ∈ Rp for
each α ∈ 0 1. This fact implies that u˜ ∈  Rp is completely determined
by the family Lαu˜α ∈ 0 1
 of sets in Rp.
In general, if X is an arbitrary non-empty set and u˜ is any fuzzy set in
X, then the α-level set Aα of u˜ is deﬁned by
Aα = x ∈ Xu˜x ≥ α
 0 ≤ α ≤ 1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Note that A0 = L0u˜. Then the family Aα
 of α-level sets of u˜ satisﬁes the
following conditions:
(1) A0 = X.
(2) α ≤ β implies Aα ⊃ Aβ.
(3) α1 ≤ α2 ≤ · · · ≤ and limn→∞ αn = α > 0 implies Aα =
⋂∞
n=1Aαn .
Conversely, if Aα
 is a family of subsets of X satisfying the above condi-
tions (1)–(3), then there exists a unique fuzzy set u˜ in X such that
x ∈ Xu˜x ≥ α
 = Aα for each α ∈ 0 1
This characterization of fuzzy sets by the family of α-level sets is called
the Negoita–Ralescu representation theorem. (For details, see Negoita and
Ralescu [14] or Lemma 6.5.1 of Ho¨hle and Sostak [7].)
But for u˜ ∈  Rp in our concerns, we can obtain a stronger represen-
tation theorem than the work of Negoita and Ralescu as follows:
Lemma 2.1. Suppose that Rp is endowed with the Hausdorff metric
dH . For u˜ ∈  Rp, we deﬁne
Fu˜ 0 1 → Rp by Fu˜α = Lαu˜
Then the following hold:
(1) Fu˜ is non-increasing; i.e., α ≤ β implies that Fu˜α ⊃ Fu˜β.
(2) Fu˜ is left continuous on 0 1.
(3) Fu˜ has right limits on 0 1 and Fu˜ is right-continuous at 0.
Conversely, if G 0 1 → Rp is a function satisfying the above conditions
(1)–(3), then there exists a unique u˜ ∈  Rp such that Gα = Lαu˜ for all
α ∈ 0 1.
Proof. For the proof of the ﬁrst part, see Lemma 2.2 of Joo and Kim
[11]. To prove the converse, let G 0 1 → Rp be a function satisfying
the above conditions (1)–(3). If α1 ≤ α2 ≤ · · · ≤ and limn→∞ αn = α > 0,
by left-continuity of G at α, we have
dHGαnGα = 0
This implies that
Gα =
∞⋂
n=1
Gαn
By the Negoita–Ralescu representation theorem, there exists a unique fuzzy
set v˜ in G0 such that
x ∈ G0v˜x ≥ α
 = Gα for each α ∈ 0 1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Now if we deﬁne
u˜x =
{
v˜x if x ∈ G0
0 if x /∈ G0,
then it is trivial that Lαu˜ = Gα for each α > 0. For α = 0, since right-
continuity of G at 0 implies
G0 = ⋃
β>0
Gβ
we conclude that L0u˜ = G0. The uniqueness of u˜ is trivial.
The function Fu˜ will be called the level multifunction of u˜. Let us denote
∪β>αLβu˜ by Lα+ u˜. Then the right limit of Fu˜ at α ∈ 0 1 is Lα+ u˜. Now we
deﬁne, for J ⊂ 0 1,
wu˜J = sup
α1 α2∈J
dHLα1 u˜ Lα2 u˜(2.1)
then it follows that for 0 ≤ α < β ≤ 1,
wu˜αβ = wu˜αβ = dHLα+ u˜ Lβu˜
and
wu˜αβ = wu˜αβ = dHLαu˜Lβu˜
Also,
lim
β→α+
wu˜αβ = 0
lim
β→α+
wu˜αβ = dHLαu˜Lα+ u˜
and
lim
α→β−
wu˜αβ = lim
α→β−
wu˜αβ = 0
Thus, if we deﬁne
ju˜α = dHLαu˜Lα+ u˜(2.2)
then
wu˜αβ ≤ ju˜α +wu˜αβ
and the level multifunction Fu˜ deﬁned in Lemma 2.1 is continuous at α if
and only if ju˜α = 0.
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Now if we deﬁne, for u˜ v˜ ∈  Rp and λ ∈ R,
u˜⊕ v˜z = sup
x+y=z
minu˜x v˜y
λu˜z =
{
u˜z/λ λ = 0
0˜ λ = 0,
where 0˜ = I0
 is the indicator function of 0
, then Lαu˜⊕ v˜ = Lαu˜⊕Lαv˜
and Lαλu˜ = λLαu˜ for each α.
Lemma 2.2. Let u˜ v˜ ∈  Rp and let λ ∈ R. Then for 0 ≤ α < β ≤ 1,
the following hold:
(1) wu˜⊕v˜αβ ≤ wu˜αβ +wv˜αβ.
(2) wu˜αβ −wv˜αβ ≤ wu˜⊕v˜αβ.
(3) wλu˜αβ = λwu˜αβ.
(4) If α < γ < β, then wu˜αβ ≤ wu˜α γ + ju˜γ +wu˜γβ.
Proof. (1) follows from the fact that
dHA+ BC +D ≤ dHAC + dHBD
and (2) follows from the fact that
dHAB ≤ dHA+ CB +D + dHCD
Now (3) and (4) are obtained immediately from the deﬁnition of
wu˜αβ.
Lemma 2.3. For each u˜ ∈  Rp and " > 0, there exists a partition 0 =
α0 < α1 < · · · < αr = 1 of 0 1 such that
wu˜αi−1 αi < " i = 1 2     r(2.3)
Proof. See Lemma 2.3 of Joo and Kim [11].
For u˜ ∈  Rp and 0 < δ < 1, we deﬁne
w′u˜δ = inf max1≤i≤r wu˜αi−1 αi(2.4)
where the inﬁmum is taken over all partitions 0 = α0 < α1 < · · · < αr of
0 1 satisfying αi − αi−1 > δ for all i. Then, Lemma 2.3 is equivalent to
the assertion that
lim
δ→0
w′u˜δ = 0
for each u˜ ∈  Rp.
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Now, we deﬁne the metric d∞ on  Rp by
d∞u˜ v˜ = sup
0≤α≤1
dHLαu˜Lαv˜(2.5)
Also, the norm of u˜ is deﬁned as
u˜ = d∞u˜ 0˜ = sup
x∈L0u˜
x
Then it is well known that  Rp is complete but non-separable with
respect to the metric d∞ (see Klement et al. [13]). Joo and Kim [11] intro-
duced a metric ds on  Rp, which makes it a separable metric space, and
characterized the relatively compact subsets of  Rp in terms of a mod-
ulus of continuity w′u˜δ. This characterization is needed for the proofs of
the main results. For easy reference, we list the result of Joo and Kim [11].
Deﬁnition 2.4. Let T denote the class of strictly increasing, continuous
mapping of 0 1 onto itself. For u˜ v˜ ∈  Rp, we deﬁne
dsu˜ v˜ = inf" there exists a t in T such that
sup
0≤α≤1
tα − α ≤ " and d∞u˜ tv˜ ≤ "

where d∞ is the metric on  Rp deﬁned by (2.5) and tv˜ denotes the
composition of v˜ and t.
Then it follows immediately that ds is a metric on  Rp and dsu˜ v˜ ≤
d∞u˜ v˜. The topology generated by the metric ds will be called the Sko-
rokhod topology. Note that a sequence u˜n
 in  Rp converges to a limit
u˜ in the metric ds if and only if there exists a sequence of functions tn
 in
T such that
lim
n→∞ tnα = α uniformly in α
and
lim
n→∞d∞tnu˜n u˜ = 0
If d∞u˜n u˜ → 0, then dsu˜n u˜ → 0. But, the converse is not true (for a
counterexample, see Joo and Kim [10]).
Theorem 2.5. Let  be a subset of  Rp. Then  is relatively compact
in the Skorokhod topology if and only if
supu˜  u˜ ∈ 
 <∞(2.6)
and
lim
δ→0
supw′u˜δ  u˜ ∈ 
 = 0(2.7)
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3. MAIN RESULTS
Throughout this section, we assume that the space  Rp is endowed the
Skorokhod topology. Our concern is to give a characterization for which the
convex hull co of  is relatively compact when  is a relatively compact
subset of the space  Rp. First, we deﬁne, for  ⊂  Rp and " > 0,
S" = α ∈ 0 1  sup
u˜∈
ju˜α > "
(3.1)
Theorem 3.1. Let  be a relatively compact subset of  Rp. If co
is relatively compact, then S" is ﬁnite for every " > 0.
Proof. Suppose that S" is inﬁnite for some " > 0. Then there exists
α ∈ 0 1 and a sequence αn
 of distinct points in S" converging to α.
Also, by deﬁnition of S", we can choose a sequence u˜n
 of elements
of  such that ju˜nαn > " for all n ∈ N . Since  is relatively compact, by
(2.7), there is a δ > 0 such that
sup
u˜∈
w′u˜δ < "/2(3.2)
Now we take two distinct points αn αm ∈ α− δ/2 α+ δ/2 such that
ju˜nαn > " and ju˜mαm > "
Then we have from (3.2), for i = nm,
wu˜iαi αi + δ < "/2 and wu˜iαi − δ αi < "/2(3.3)
Let P = α0 α1     αr
 be any partition of 0 1 satisfying αi−αi−1 > δ
for all i. Since αn − αm < δ, P cannot contain both αn and αm. If we say
αn /∈ P , then by (3.3),
ju˜mαn < "/2
which implies that
ju˜n⊕u˜mαn ≥ ju˜nαn − ju˜mαn > "− "/2 = "/2
If we deﬁne v˜ = 12 u˜n ⊕ 12 u˜m, then v˜ ∈ co and jv˜αn > "/4. Simi-
larly, if αm /∈ P , then it can be proved that jv˜αm > "/4. Thus we have
wv˜αi−1 αi > "/4 for some i, and hence w′v˜δ ≥ "/4. Therefore,
sup
u˜∈co
w′u˜δ ≥ "/4
Since δ is arbitrary, this yields
lim inf
δ→0
sup
u˜∈co
w′u˜δ ≥ "/4
and thus co is not relatively compact in  Rp in view of
Theorem 2.5.
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Now we will show that the converse of Theorem 3.1 holds. To prove this,
we need the following lemma.
Lemma 3.2. Let  be a relatively compact subset of  Rp. If S" is
ﬁnite for each " > 0, then for any α ∈ 0 1 and η > 0, there exists a δ > 0
such that
sup
u˜∈
wu˜α α+ δ ≤ η
and
sup
u˜∈
wu˜α− δ α ≤ η
Proof. Let α ∈ 0 1 and let η > 0 be given. By relative compactness
of  and Theorem 2.5, there exists δ0 > 0 such that
sup
u˜∈
w′u˜δ0 < η/3
Now since Sη/3 is ﬁnite, we can choose δ1 ∈ 0 δ0 so that
sup
u˜∈
ju˜β < η/3 for all β ∈ α α+ δ1(3.4)
Let u˜ ∈  and take P = αii = 0 1     r
 as any partition of 0 1
such that αi − αi−1 > δ0 for all i and
max
0≤i≤r
wu˜αi−1 αi < η/3(3.5)
If no point of P is in α α+ δ1, then
wu˜α α+ δ1 < η/3
If there exists a αi ∈ P such that α < αi < α+ δ1, then (3.5) yields
wu˜α αi < η/3 and wu˜αi α+ δ1 < η/3
which, together with (3.4) and Lemma 2.2 (4), implies that wu˜α α+ δ1 <
η for any u˜ ∈ ; i.e.,
sup
u˜∈
wu˜α α+ δ1 ≤ η
In a similar manner, we can ﬁnd a δ2 > 0 such that
sup
u˜∈
wu˜α− δ2 α ≤ η
Now we take δ = minδ1 δ2 and then the desired result is obtained.
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Theorem 3.3. Let  be a relatively compact subset of  Rp. If S" is
ﬁnite for every " > 0, then co is relatively compact.
Proof. Let " > 0 be given. Applying Lemma 3.2, for each α ∈ 0 1, we
can ﬁnd δα > 0 such that
sup
u˜∈
wu˜α α+ δα < " and sup
u˜∈
wu˜α− δα α < "
Also, by similar arguments in the proof of Lemma 3.2, we can choose
δ0 δ1 > 0 such that
sup
u˜∈
wu˜0 δ0 < " and sup
u˜∈
wu˜1− δ1 1 < "
Let I0 = 0 δ0 I1 = 1 − δ1 1, and Iα = α − δα α + δα for each
α ∈ 0 1. Then, by compactness of 0 1, there exists α1     αN ∈ 0 1
such that
0 1 = I0 ∪ I1 ∪
( N⋃
i=1
Iαi
)

The collection of points 0 δ0 1 − δ1 1
 ∪ αi − δαi  αi αi + δαi i =
1    N
 forms a partition of 0 1. We denote these points in ascending
order by
0 = β0 < β1 < · · · < βr = 1
Then it is obvious that for all i = 1 2     r
sup
u˜∈
wu˜βi−1 βi < "
Now let u˜ ∈ co. Then there exist u˜1     u˜n ∈  and λ1     λn ∈
0 1 with ∑nj=1 λj = 1 such that u˜ =⊕nj=1 λju˜j . Thus, by Lemma 2.2,
wu˜βi−1 βi ≤
n∑
j=1
λjwu˜j βi−1 βi < "
Hence,
sup
u˜∈co
w′u˜δ ≤ " if δ < min1≤i≤rβi − βi−1
which implies that
lim
δ→0
sup
u˜∈co
w′u˜δ = 0
On the other hand, it is trivial that
sup
u˜∈co
u˜ = sup
u˜∈
u˜
Therefore, the desired result follows from Theorem 2.5.
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We consider two examples to illustrate the criterion of our theorem.
Example 3.1. For λ ∈ 0 1, let us deﬁne u˜λ R→ 0 1 by
u˜λx =
{
λ if 0 ≤ x < 1,
1 if x = 1,
0 elsewhere.
Then
Lαu˜λ =
{ 1
 if α > λ
0 1 if 0 ≤ α ≤ λ
Let  = u˜λ  λ ∈ 0 1
. Then  is a compact subset of  R (see
Ghil et al. [8]). Now let δ > 0 be given and choose λµ ∈ 0 1 such that
0 < µ− λ < δ. If we deﬁne
u˜ = 1
2
u˜λ ⊕
1
2
u˜µ
then u˜ ∈ co and
u˜x =


λ if 0 ≤ x < 1/2,
µ if 1/2 ≤ x < 1,
1 if x = 1,
0 elsewhere.
Thus,
Lαu˜ =


0 1 if 0 ≤ α ≤ λ,
1/2 1 if λ < α ≤ µ,
1
 if µ < α ≤ 1.
But, for any partition α0 α1     αr
 of 0 1 satisfying min1≤i≤rαi −
αi−1 > δ, we have max1≤i≤r wu˜αi−1 αi ≥ 1/2. Thus,
lim inf
δ→0
sup
u˜∈co
w′u˜δ ≥
1
2
which implies that co is not relatively compact by Theorem 2.5. In fact,
S" = 0 1 for every 0 < " < 1.
Example 3.2. Let us deﬁne u˜λ Rp → 0 1 by
u˜nx =
{
1 if x ≤ 1/n,
0 otherwise.
Then Lαu˜n = x  x ≤ 1/n
. Thus,
sup
n
u˜n = 1 and sup
n
w′u˜nδ = 0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Therefore,  = u˜n  n ∈ N
 is relatively compact. Since
S" = n  1/n > "

we conclude that co is relatively compact. In fact, co = u˜t  t ∈
0 1
, where
u˜tx =
{
1 if x ≤ t,
0 otherwise.
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